A subset S of vertices in a graph G is called a geodetic set if every vertex not in S lies on a shortest path between two vertices from S. A subset D of vertices in G is called a dominating set if every vertex not in D has at least one neighbor in D. A set S ⊆ V (G) is called a geodetic dominating set of G if S is both a geodetic and a dominating set of G. The geodetic domination number γ g (G) of G is the minimum cardinality of a geodetic dominating set in G. A geodetic dominating set S in G is called a minimal geodetic dominating set if no proper subset of S is a geodetic dominating set of G. Upper geodetic domination number γ + g (G) of G is the maximum cardinality of a minimal geodetic dominating set of G. The upper geodetic domination number of certain classes of graphs are determined and some of its general properties are studied. It is shown that for any three integers a, b and p, where 2 ≤ a ≤ b ≤ p, there exists a connected graph G of order p with γ g (G) = a and γ + g (G) = b.
Introduction
We consider only finite simple connected graphs with at least two vertices. For any graph G, the vertex set is denoted by V (G) and the edge set by E(G). The order and size of G are denoted by p and q, respectively. The concept of geodetic number and upper geodetic number of a graph was introduced in [1, 3] . A set S ⊆ V (G) is a geodetic set of G if I[S] = V (G). The minimum cardinality of a geodetic set of G is the geodetic number g(G) of G. A geodetic set S in G is called a minimal geodetic set if no proper subset of S is a geodetic set of G. The maximum cardinality of a minimal geodetic set of G is the upper geodetic number g + (G) of G. The concept of domination number and upper domination number of a graph was introduced in [6] . A set of vertices S in a graph G is a dominating set if N [S] = V (G). The domination number γ(G) of G is the minimum cardinality of a dominating set of G. A dominating set S of G is a minimal dominating set if no proper subset of S is a dominating set of G. The maximum cardinality of a minimal dominating set of G is the upper domination number Γ(G) of G. A minimal dominating set with cardinality Γ(G) is called a Γ-set of G.
The concept of geodetic domination number of a graph was introduced in [4] . A set S ⊆ V (G) is a geodetic dominating set of G if S is both a geodetic and a dominating set of G. The minimum cardinality of a geodetic dominating set of a graph G is its geodetic domination number γ g (G).
Preliminary Notes
In this section we cite some results to be used in the sequel.
Theorem 2.1. [2, 4] Each extreme vertex of a connected graph G belongs to every geodetic dominating set of G. (ii). every end vertex belongs to every minimal geodetic dominating set of G.
(iii). if G has the unique minimal geodetic dominating set, then γ g (G) = γ + g (G).
Corollary 3.4. For the complete graph
Proof. This follows from Observation 3.3.
Proof. As any geodetic dominating set needs at least two vertices, γ g (G) ≥ 2. Since every minimal geodetic dominating set of G is a geodetic dominating set of
Remark 3.6. The bounds in Theorem 3.5 are sharp. For the graph G given in Figure 3 
Also, all the inequalities in Theorem 3.5 are strict. For the graph G given in Figure 3 
Proof. This follows from Theorem 3.5. 
Proof. This follows from Theorem 3.5.
The following theorems characterize the graphs for which the upper geodetic domination number is p. Proof. Let G be any connected graph of order p and let γ g (G) = p. Suppose that G = K p . Then there exist two vertices u and v such that d(u, v) ≥ 2. Since G is connected, then there is a geodesic P from u to v. Let x ∈ V (P ) such that x = u, v which is adjacent to either u or v. Without loss of generality, we assume that x is adjacent to u. Proof. This follows from Theorem 3.10 and Theorem 3.11.
The following theorems characterize the graphs for which the upper geodetic domination number is p − 1.
. . , v p−1 } be a minimal geodetic dominating set of G with maximum cardinality, so that |S| = p − 1. We claim that every vertex in S is adjacent to v p . Suppose, to the contrary, that some v ∈ S is not adjacent to v p . Since G is connected, v lies on a path joining a pair of distinct vertices x, y ∈ S such that d(x, y) is minimum. It is clear that d(x, y) ≤ 2. Since some vertices of S are adjacent to v p , there exists a pair of vertices u, w ∈ S such that u, w = v and d(u, w) = 2. It is clear that
. Therefore, S − {v} is a geodetic dominating set of G, which is a contradiction. Thus, d(x, y) = 1 and either x = v or y = v. Without loss of generality, we assume that x = v. We consider two cases. Case (1): Let yv p ∈ E(G). If every vertex z ∈ S that is adjacent to v p is also adjacent to y, then it is clear that y,
. Therefore, S − {y} is a geodetic dominating set of G, which is a contradiction. If there exists a vertex z ∈ S such that z is adjacent to v p but not adjacent to y, then we consider two cases.
. Therefore, S − {x} is a geodetic dominating set of G, which is a contradiction.
. Therefore, S − {y} is a geodetic dominating set of G, which is a contradiction.
Since S is a minimal geodetic dominating set of G, y is not adjacent to every pair of non-adjacent vertices u, w ∈ S such that u, w ∈ N (v p ) and d(u, w) = 2. Since yu / ∈ E(G), then let the y − u geodesic P be P :
. Therefore S − {w 1 } is a geodetic dominating set of G, which is a contradiction.
In both the cases, every vertex in S is adjacent to v p . This completes the proof of the claim.
Therefore, for every pair of non-adjacent vertices u, v in S, the vertex v p lies in the geodesic u, v p , v. Clearly, diam(G) = 2. Next, we show that
. . , p r and r are positive integers with
Proof. This follows from Theorem 3.14. 
Proof. Let p, q ≥ 2. Let X = {x 1 , x 2 , . . . , x p } and Y = {y 1 , y 2 , . . . , y q } be the bipartite sets of K p,q . Without loss of generality, we assume that p ≤ q. First, we assume that p < q. Let S = Y , so that |S| = |Y | = q. We show that S is a minimal geodetic dominating set of K p,q . Since
for every x i ∈ X, S is a geodetic dominating set of K p,q . Suppose there exists a geodetic dominating set S ′ of K p,q such that S ′ ⊂ S, then there exists a vertex y j ∈ S such that y j / ∈ S ′ . Clearly the vertex y j does not lie on any geodesic joining a pair of vertices in S ′ and
is not a geodetic dominating set of K p,q , which is a contradiction. Therefore S is a minimal geodetic dominating set of K p,q . Hence γ
for every x i = x m , x n ∈ X, X is a minimal geodetic dominating set of K p,q . Hence S ′′ does not contain both X and Y . Since X ⊆ S ′′ and Y ⊆ S ′′ , S ′′ ⊂ X ∪ Y . Therefore S ′′ contains at least two vertices of X and at least two vertices of Y . Let us assume that
Proof. Let C p be the cycle of order p ≥ 6. We consider two cases. 
′ is not a geodetic dominating set of C p . Therefore, S is a minimal geodetic dominating set of C p and γ
. Since S ′′ is a minimal geodetic dominating set,
consists of vertices of both I 1 and I 2 . Let v i , v j ∈ S ′′ where v i ∈ I 1 and v j ∈ I 2 . Case (1a): Let v i and v j be non-adjacent vertices.
, which is a contradiction. Case (1b): Let v i and v j be adjacent. Then let
} is a geodetic dominating set of C p , which is a contradiction. If v i−1 ∈ S ′′ and v i+2 / ∈ S ′′ , then S ′′ − {v i } is a geodetic dominating set of C p , which is a contradiction. If v i−1 / ∈ S ′′ and v i+2 ∈ S ′′ , then S ′′ − {v i+1 } is a geodetic dominating set of C p , which is a contradiction.
, which is a contradiction. Hence, in both the cases, γ
. By the similar argument as in Case (1), we get S is a minimal geodetic dominating set of C p with maximum cardinality. Hence, γ
Observation 3.18. The upper geodetic domination number of some standard graphs can be easily found and are given as follows:
(i). For the path P p with p ≥ 3, γ
(ii). For the wheel W p with p ≥ 5, γ
Theorem 3.19. For any connected non-complete graph G of order p, γ
Proof. Let S be a γ + g -set of a non-complete connected graph G of order p. Then γ + g (G) = |S|. We show that |S| ≤ p − δ(G). Let v ∈ S. Assume that v is adjacent to k distinct vertices in S. Since deg(v) ≥ δ(G), v must be adjacent to at least δ(G)−k vertices in V (G)−S and so
then the k distinct vertices belong to N [S] and does not lie on any geodesic joining any pair of vertices of S, since S is a minimal geodetic dominating set of G.
To show the sharpness of the bound, we take a graph
is the cardinality of a minimum X-dominating set of G. An X-dominating set S of G is a minimal X-dominating set if no proper subset of S is the Xdominating set of G. The upper X-domination number γ + X (G) is the maximum cardinality of a minimal X-dominating set of G. 
Theorem 3.21. Let L(T ) be the set of leaves of a tree T and X
(ii) The set of leaves L(T ) is a Γ-set of T .
(iii) Every non-leaf of T is adjacent to at least one leaf of T .
Proof. Let T be a tree of order p ≥ 3 and let L(T ) be the set of leaves of T .
First, we prove (i) ⇔ (ii). Let γ + g (T ) = g + (T ) = Γ(T ). Then it is clear that L(T ) is a minimal dominating set of T with maximum cardinality, since L(T ) is the unique minimal geodetic set of a tree T . Conversely, let L(T ) be a Γ-set of T . Then Γ(T ) = |L(T )|. Since L(T ) is the unique minimal geodetic set of a tree T , L(T ) is the unique minimal geodetic dominating set of a tree
. Assume that L(T ) is a Γ-set of T , so that Γ(T ) = |L(T )|. Suppose there exists a non-leaf u of T such that u is not adjacent to every leaf of T . Then it follows that u / ∈ N [L(T )]. Therefore L(T ) is not a dominating set of T , which is a contradiction. Hence every non-leaf of T is adjacent to at least one leaf of T . Conversely, assume that every non-leaf of T is adjacent to at least one leaf of T . Then it follows that L(T ) is a Γ-set of T . Proof. This follows from Theorem 3.23.
The following theorems show the effect on the upper geodetic domination number of a given graph by the removal of a vertex or adding some pendant edges.
Theorem 3.26. Let G be a connected graph of order p and u
Proof. Let u ∈ V (G) and deg(u) = 1. Let S be a minimal geodetic dominating set of G − u with maximum cardinality, so γ + g (G − u) = |S|. Since deg(u) = 1, u is an end vertex and u is adjacent to exactly one vertex, say v. By Observation 3.3, every minimal geodetic dominating set of G contains u. We consider two cases.
It is straightforward to verify that S ′ is a minimal geodetic dominating set of G. So that γ
Then consider the set S ′ = S ∪ {u}. It is straightforward to verify that S ′ is a minimal geodetic dominating set of G. So that γ
. Hence, in both the cases, γ
. To show the sharpness of the bound, we take G = P 4 . Let u be an end vertex of G. Then it is clear that γ 
Proof. Let T be any connected tree with p ≥ 3. It can be verified that the result is true for p = 3 since if p = 3, then T = P 3 . Now consider the case that p > 3. Since T has at least one vertex with degree greater than or equal to 2, there exists a vertex v ∈ V (T ) with deg(v) ≥ 2 such that v is adjacent to at least one leaf and at most one non-leaf. If there exists a vertex v such that v is adjacent to at least one leaf and no non-leaf, then it is clear that T = K 1,p−1 and v is the support vertex. So that γ
. If there does not exist a vertex v such that v is adjacent to exactly one leaf, then it is clear that v is adjacent to two or more leaves. Assume that v is adjacent to exactly one non-leaf. By Theorem 3.3 every minimal geodetic dominating set of T contains its leaves. So it is clear that γ
. If there exists a vertex v such that v is adjacent to exactly one leaf u and one non-leaf, then deg(u) = 1 and
. However, we have γ 
Proof. Let G be a connected graph of order p and let G ′ be the connected graph obtained from G by adding k pendant edges
We now consider three cases.
and
It is striaghtforward to verify that S ′ is a minimal geodetic dominating set of
Then by the similar argument as in Case(ii), we can prove that γ
To show the sharpness of the bound, consider the graph G = K p . If we add k ≥ 1 pendant edges u i v i , 1 ≤ i ≤ k, to a complete graph G, we obtain a graph G ′ . It is clear that γ
Realization Results
In this section we give realization results concerning the upper geodetic domination number. We first establish the existence of a connected graph G with γ + g (G) = a and |V (G)| = p for any two integers a, p with 2 ≤ a ≤ p. Proof. It can be verified that the result is true for 2 ≤ p ≤ 3 since if p = 2, then G = K 2 while if p = 3, then G ∈ {P 3 , K 3 }. Let us now consider the case
Form a connected graph G, as shown in the Figure 4. 1, consisting of G 1 and G 2 . Then the vertex set of G is V (G) = {x, y, u 1 , u 2 , . . . , u p−a , v 1 , v 2 , . . . , v a−2 } and the set of extreme vertices of G is S = {x, y, v 1 , v 2 , . . . , v a−2 }. Figure 4 .2. It is clear that diam(G) = 4, |V (G)| = p and set of extreme vertices S = {x 2 , x 3 , . . . , x a } is not a geodetic dominating set of G. Clearly S ∪ {x 1 } is a minimum geodetic dominating set of G, so that γ g (G) = |S ∪ {x 1 }| = a. Since every minimal geodetic dominating set contains S, let T = {y 1 , w 1 , w 2 , . . . , w b−a } ∪ S. Clearly T is a geodetic dominating set of G and |T | = b. We show that T is a minimal geodetic dominating set of G. Suppose there exists a proper subset U of T such that U is a geodetic dominating set of G, then there exists a vertex v ∈ T such that v / ∈ U . Clearly v = x i for every x i ∈ S. Suppose v = w j , where 1 ≤ j ≤ b − a, or v = y 1 , then the vertex v does not lie on any geodesic joining any pair of vertices of U and v / ∈ N [U ], which is a contradiction. Therefore T is a minimal geodetic dominating set of G. Now, we show that there is no minimal geodetic dominating set of G with cardinality greater than b. Suppose there exists a minimal geodetic dominating set W of G with |W | > b. 
